To reduce the cost of algal biomass production, mathematical model was developed for the first time to describe microalgae growth, lipid production and glycerin consumption under photoheterotrophic conditions based on logistic, Luedeking-Piret and Luedeking-Piret-like equations. All experiments were conducted in a 2 L batch reactor without considering CO 2 effect on algae's growth and lipid production. Biomass and lipid production increased with glycerin as carbon source and were well described by the logistic and Luedeking-Piret equations respectively. Model predictions were in satisfactory agreement with measured data and the mode of lipid production was growth-associated. Sensitivity analysis was applied to examine the effects of certain important parameters on model performance. Results showed that S 0, the initial concentration of glycerin, was the most significant factor for algae growth and lipid production. This model is applicable for prediction of other single cell algal species but model testing is recommended before scaling up the fermentation of process.
Introduction
Biodiesel produced from vegetable oil, used frying oils, animal fats, soap-stocks, and greases is the first generation biodiesel (Banse et al. 2008) . Since vegetable oils may also be used for human consumption, biodiesel produced from vegetable oils can lead to an increase in the food-grade oils price, causing the cost of biodiesel to increase and preventing its usage. Moreover, the amount of used frying oils, animal fats, soap-stocks, and greases is not sufficient to match today's demands for biodiesel (Mata et al. 2010) . The second generation biofuel-oil produced from microalgae is becoming a promising supplemental oil source (Mutanda et al. 2010) . Although the microalgae lipid yield is strain-dependent, it is clearly advantageous because of algae's higher biomass productivity and oil yield than those of other biofuel production crops. Microalgae may assume many types of metabolisms, such as autotrophic, heterotrophic, mixotrophic and photoheterotrophic (Brennan and Owende 2010) . Compared to the other three different culture methods, the development of autotrophic culture for algae was very slow due to their low cell density of 0.01-0.06% (w/v) in lined and unlined ponds. Even with the use of on-line ultrafiltration unit to exchanges used with fresh growth medium and controlled CO 2 , the cell density of green algae Chlorella vulgaris was just 3% (w/v) (Javanmardian and Palsson, 1991) . The highest dry biomass of Chlorella minutissima was 0.268 mg/L under 12 joules/ m 2 sec light intensity at 25°C with 5% CO 2 for 6 days (Seto et al. 1984) . The biomass concentration and lipid content of Chlorella sp. cultivated in a medium containing 0.025-0.200 g L À1 urea with 2% CO 2 for 6 days were 0.464-2.027 g L À1 and 0.661-0.326 g g À1 , respectively (Hsieh and Wu 2009) . Mixotrophic growth culturing was performed using photosynthesis as the main energy source, though both organic compounds and CO 2 were essential (Berninger et al. 1992) . Twenty different microalgae were tested on two different carbon sources, acetate and glucose. The results showed that Chlorella minutissima UTEX 2341 could not only live an autotrophic life, but also can grow using glucose and acetate as carbon and energy sources (Vazhappilly and Chen, 1998) . Photoheterotrophic metabolism represents the metabolism in which light was required to use organic compounds as carbon source (Adolf et al. 2006) . By using methanol as alternative carbon source to culture Chlorella minutissima, Kotzabasis et al. (1999) proportion of lipids within less time. The scale-up process is much easier and thus, it offers a potential pathway to produce lipids for diesel production in a large scale (Lee, 2001) .
The price of algal biofuel ultimately depends on the substrate cost, lipid yield, and the quality of the products formed by the downstream process (Yang et al. 2006) . Currently, the cost of biodiesel produced from algal oil is much higher than that of diesel derived from petroleum due to the lower culture process efficiency and higher cost of feedstock production. The cost of carbon source represents 50% of the cost of medium in algal cultivation (Cheng et al. 2009 ). With the aim of commercializing biodiesel from algae, a substantial effort has been devoted to the development of improved algal strains and more efficient fermentation process. Mathematical modeling of the fermentation process for biomass and lipid production is useful for optimizing the fermentation conditions and scaling-up for industrial production.
Many research studies focused on using models to analyze algae blooms and environmental factors, such as system-dynamic model, lake eutrophication model, parameter-sparse model, numerical model and many others. The system-dynamic model was established to evaluate the comptitive relationship between algae P. malaianus Miq. and Spirogyra sp. The model outputs showed that higher temperature, shading effect, improper nutrients, especially for algae Spirogyra sp. would result in biomass decrease of P. malaianus Miq. (Han et al. 2009 ). The lake eutrophication model helped in defining restoration policies for water quality (Estrada et al. 2009 ). The parameter-sparse model analyzed toxicological effects on algae under dynamic nutrient stress (Bontje et al. 2009 ). The numerical model simulated water quality and algae species composition in a deep lake and the model predicted that the concentrations of PO 4 -P, NH 4 -N, NO 3 -N, DO and pH throughout the water column had a significant influence on the growth of different algal species (Imteaz et al. 2009 ). There were also many other models applied to optimize photobioreator's culture conditions. Barbosa et al. (2003) studied the effects of gas velocity, the ratio between the light period and the cycle time in an airlift photoreactor. The maximal volumetric productivity was 0.36 g L À1 per day at a dilution rate of 0.030 h
À1
. Pruvost et al. (2006) used computational fluid dynamics (CFD) to study the fluid of a torus photobioreactor with different impellers. But their research didn't combine CFD with algal growth kinetics to analyze the relationship among inner structure parameters. Packer et al. (2010) developed a mathematical model to describe green algal growth parameters and lipid production in nitrogen limited and high light autotrophic conditions in batch culture, but the effect of C concentration and C/N ratio changes was ignored.
Culturing of Chlorella minutissima UTEX2341 in our lab was changed from traditional photoautotrophic to photoheterotrophic, and the cultivation time was reduced from more than 30 days to 7 days in a shaking flask. Algal the dry biomass reached 1.75 g L À1 from the original 0.2 g L À1 in a shaking flask under 35lEÁm À2 s À1 light intensity. The fermentation process has also been studied using a 2 L fermentor and the optimal culture conditions were 10% inoculum, 1.5 ml min À1 aeration rate, 100 rpm agitation speed at 22°C and 35 lE m À2 s À1 light intensity for 15 days. The feedback cost for photoheterotrophic production of Chlorella minutissima UTEX 2341 was reduced to no more than 30% of total cost. (unpublished results). The aim of this study was to establish a mathematical model that incorporated algae growth, lipids production and glycerin consumption under photoheterotrophic conditions. The model was applied to determine optimum values of the parameters that control the fermentation process. The accuracy of the model was then analyzed. A sensitivity study was also undertaken to examine the effect of important parameters on the model performance.
Methods

Experimental approach
Chlorella minutissima UTEX2341 was maintained in 500 mL flasks containing 200 mL medium and 0. Cultures were incubated at 22°C for 7 days using an orbital shaker at 100 rpm. 10% inoculum was used to inoculate 2 L bioreactor containing 1500 mL medium with different concentrations of glycerin (9.02-25.2 g of C L À1 ) and the same casein concentration (8.13 g L
À1
) to form different C/N ratios. The bioreactor was aerated at rate of 1.5 ml min
, and agitated at speed of 100 rpm under 35 lE m À2 s À1 light intensity at 22°C for 15 days. Dry biomass was determined by transferring cell suspension to a pre-weighed centrifuge tube at set intervals and then centrifuged at 5000 rpm, 20°C for 10 min. The cell pellet was washed twice with distilled water, freeze dried overnight and weighed. The carbon concentration of the cultures was determined by UV-persulfate oxidation method (Teledyne-Tekmar Phoenix 8000) (Doane and Horwath 2010) .
Lipids were extracted with chloroform-methanol-water system (Bligh and Dyer 1959) . The extract was dried by N 2 flushing, and then weighed (Bousquet et al. 1994 ). Fig. 1 shows the glycerin consumption, biomass and lipid content changes along incubation time of strain Chlorella minutissima UTEX2341. It was noticeable that algae strain UTEX2341 had a short lag phase (no more than 1 day) at the beginning of the fermentation. When algal growth reached exponential phase, the accumulation of lipids increased quickly and the concentration of glycerin declined sharply. Then lipid content increase wasn't significant and was following the trend of slow biomass increase before entering the stationary phase. After the point of highest biomass accumulation, the biomass and lipid content began to decline.
Model development
Algae growth
Most microorganisms' growth processes can be explained by Monod or Logistic equations. A Logistic equation allows simple calculation of fermentation parameters of biological and geometrical significance by sigmoid profiles independent of substrate concentration (Rao et al. 2009 ). Therefore, Logistic equation was selected for algae growth:
where dX dt is the rate of microalgae growth; l max is the maximum specific growth rate of the microalgae; X is the concentration of microalgae in the medium; X max is the maximum value of the microalgal concentration. At the beginning of fermentation, when t = 0, the algae concentration was given by the initial concentration value (X = X 0 ). After integration, Eq. (1) becomes:
2.4. Lipids production Product formation was described by Luedeking-Piret equation (Luedeking and Piret 1959) . The product formation rate depends on both the instantaneous biomass concentration X and growth rate dX dt in a linear fashion:
Where dP dt is the lipid formation rate; a the lipid's formation coefficient; b is a non-growth correlation coefficient. Gaden (2000) classified the mode of product formation in terms of its relationship with microorganism growth as follows: Class 1, product formation was connected to microbial growth; Class 2, product formation was partially connected to microbial growth; and Class 3, product formation was unrelated to microbial growth.
Consider Eq. (3): for a = 0 and b -0, the relationship between product formation and microbial growth was that of Class 3. For a -0 and b -0, the relationship between product formation and microbial growth was partial, and thus of Class 2. For a -0 and b = 0, there was a linear relationship between product formation and microalgal growth, and so was of Class 1. In this case, Eq. (3) may be integrated to give:
where P is the concentration of lipids, K is the constant of integration.
Glycerin consumption
The glycerin consumption kinetics may be expressed as substrate conversion to product and substrate consumption for maintenance (Yang et al. 2006) .
Where À dS dt is the total consumption rate of glycerin; t is fermentation time; Y x/s is the maximum microalgal growth coefficient; Y p/s is the maximum lipid yield coefficient; S is glycerin concentration; m is the maximum specific consumption rate for maintaining microalgae life (i.e. a maintenance coefficient).
As lipids are intracellular metabolism products, the glycerin is consumed mainly for microalgae growth, along with the accumulation of lipids, and the maintenance of microalgae. Upon these assumptions, Eq. (6) could be simplified as: by Eq. (2) in Eq. (6), and integrating, the following expression for glycerin concentration was obtained:
Where S 0 is the initial concentration of glycerin.The yield of coefficients for lipid production may be deduced from Eqs. (4) and (6), giving:
Sensitivity analysis and model calibration, results and discussion
The biomass growth-related (X 0 , X m and l m ), lipid productionrelated (Y p/s , K and a), and glycerin consumption-related (S 0 , Y x/s , m) parameters were measured during the experiment at different initial glycerin concentration. The data were used for model calibration using the proposed mathematic model Eq. (2), Eq. (4), Eq. (7) and Eq. (8). To calibrate the kinetic parameters in Eqs. (1)- (4) and (6)- (8), a general equation (named objective function) based on weighted model errors (difference between measured and predicted values) was formed (Eq. (9)). The calibration model was developed using Universal Inverse Modeling Code or UCODE (Poeter and Hill, 1998) whose sensitivity analysis capabilities and ability to estimate parameter values resulted in the best possible fit to our experimental observations.
where X i , P i , and S i are the measured values for biomass, lipid and glycerin concentration; X 0 i ; P 0 i , and S 0 i are the corresponding predicted values; w i is the weighting factor for measured value defined in Eq. (10); and R is the objective function for the calibration which is based on the weighted sum of squares of differences between measured and predicted values. The weighting factors are defined to assign higher weights to the measured values that have less uncertainty (reflecting the accuracy of the measurements) and also to make the weighted residuals have the same units so that they can be squared and summed in the sum of the squared of equation. The weights for biomass, lipid and glycerin were defined in Eq. (10):
where r ix is the standard deviation of the biomass measurement and k x is a scaling factor defined in Eq. (11) that normalizes each subset of objective function. Scaling factors could significantly improve calibration convergence properties (Poeter and Hill, 1998) . w ip and w is are defined likewise.
Sensitivity analysis of the kinetic terms on minimizing the objective function was performed by UCODE (Poeter and Hill, 1998) . Sensitivity is usually a measure of whether provided observations are sufficient to estimate parameter values (Hill, 1998) . In this study composite scaled sensitivity (CSS) was used to for the sensitivity analysis of model to the provided experimental data. CSS indicates the importance of measured data as a whole to a single parameter, compared with the accuracy on the observation.
Eight parameters (X 0 , X max , S 0 , K, l max , a, m, Y x=s ) were used for sensitivity analyses. Results of parameter sensitivity assessments were presented in Fig. 2 . The most significant parameters for calibrations were S 0 , X max , l max , a, X 0 , Y x=s , K, and m, in descending order. It could be seen that initial glycerin concentration was the most significant factor in Chlorella minutissima UTEX2341's growth and lipid production under the heterotrophic culture conditions. Calibration was carried out after the sensitivity analyses. Estimated parameters are presented in Table 1 whereas the experimental results and corresponding fits to the model equations were shown in Fig. 3. Fig. 3 compares the measured values of biomass and lipid concentration for C/N = 9.1, 14.5, and 25.2 treatment respectively with the corresponding simulated values.
Correlation coefficients (R 2 ) for the model fits (Fig. 3) were 0.983, 0.983, and 0.999, respectively. The proposed calibrated mathematical model fitted the experimental data well. Overall, sensitivity analysis not only helped us find out the important parameters or factors to the process, it allowed to perform a more efficient calibration by including the most sensitive parameters and excluding parameters that are relatively not very sensitive.
Despite some reports that Chlorella minutissima could use organic carbon, such as glucose, acetate and methanol to live a heterotrophic life (Vazhappilly and Chen 1998; Kotzabasis et al. 1999) , few studies about utilization of glycerin and its effect on Chlorella minutissima UTEX2341's growth and lipid production have been reported (Lee 2001; Chen et al. 2010) . In this research, the observed glycerin utilization pattern at different C/N ratios during fermentation indicated that with an increase of carbon concentration, the glycerin utilization decreased from 77.83% to 52.08% and then to 20.15% during the 15 days' of fermentation. Furthermore, the yield factor for biomass (Y x/s ) based on Eqs. (7) indicated that when C/N = 9.1, the efficiency of glycerin conversion into biomass was the highest. When C/N was beyond 9.1, inhibition of the further usage of glycerin was observed. A possible explanation is that the high glycerin concentration and accumulated biomass have inhibitory effects on algae growth as the kinetic model of biomass growth suggested (Altiok et al. 2006) . Compared with autotrophic cultures, under this photoheterotrophic incubation C. minutissima UTEX2341 reached 5.31, 6.9, and 7.28 g L À1 dry biomass at 25.7, 14.8, and 9.1 C/N ratio respectively on day 15th, which is more than 26 to 36 times as if it was cultured under autotrophic conditions (0.2 g dry biomass L À1 ). This result has greater outcome over most algae cultured under autotrophic condition. About 0.5 g L À1 cell concentration could be maintained when raceway-shape culture ponds were used in Israel, the United States of America, China and other countries (Richmond et al. 1990 ). In Yongmanitchai and Ward's research (1991) , the biomass of Chlorella minutissima UTEX 2219, Chlorella minutissima UTEX 2341, Dunaliella primolecta MBAUK 81, D. terriolecta MBAUK 83, Phaeodactylum trlcornutum UTEX 640, Porphyridium cruentum UTEX 161, Heteromastrix rotunda MBAUK 210, and Cricosphaera carteri MBAUK 17 were 0.48, 0.54, 1.39, 1.25, 2.49, 1.8, 0.17 and 0.18 g L À1 respectively, after 7 days' of autotrophic growth under optimized conditions. Seto et al. (1984) optimized Chlorella minutissima's culture conditions and found that the highest biomass produced was 0.39 g L
À1
.
Compared with other heterotrophic cultures, commercial heterotrophic cultivation of Chlorella sp. in conventional stirred tank fermentors was common (Lee 1997) . Glucose and acetate were the most utilized carbons in this fermentation process. For example, Chlorella pyrenoidosa, Chlorella regularis, Chlorella vulgaris, and Nitzschia alba were selected and tested for their commercial heterotrophic growth ability (Gladue and Maxey, 1994) . The highest cell density (45 g L À1 ) was achieved for Nitzschia alba, but the cost for heterotrophic production of Nitzschia alba was estimated at US$12 kg À1 dry biomass (Lee 2001) , which was too expensive. In this research, the feedback cost for photoheterotrophic production of Chlorella minutissima UTEX 2341 account for no more than 30% of total cost (data not shown). If the cost for electricity could be reduced, this photoheterotrophic cultivation process would have great potential for future commercial algae production. Although the specific growth rate (l m ) increased from 0.289 to 0.408 (d À1 ) with the increase of glycerin concentration from 9.02 to 25.2 g L À1 , the maximum average biomass values were 7.28, 6.9, and 5.31 g L À1 at 9.1, 14.8, and 25.7 C/N ratio respectively. The results indicated that higher C/N ratio could promote the algae growth rate, but reduce the final total biomass. The observed substrate concentration-dependent biomass production suggests that glycerin concentration most likely regulates the growth pattern of UTEX2341 (Rao et al., 2009) and was confirmed by the model developed under this study.
The average lipid content of Chlorella minutissima varied between 7.1% and 23% of the dry biomass (Seto et al., 1984; Yongmanitchai and Ward 1991) . Though the lipid yield in this research was relatively low, 13.1% of dry biomass, the total lipid content could reach 0.95 g L À1 because of the higher total biomass produced (dry weight). It could be seen from Fig. 1 that the lipid accumulation with time followed a similar trend to that of the biomass production. Lipids' concentration (P) was plotted against algal biomass concentration (X) and a linear curve was fitted. The correlation coefficient (R 2 ) was 0.99. Measured data showed a linear relationship between lipid accumulation and algae growth, in accordance with Eq. (4). It may therefore be concluded that the mode of lipid production was growth-associated. It is very useful for the practice to know when to harvest algae for lipid production and our study contributes significantly to this process. The model was applied to determine the optimum values of the parameters controlling fermentation process and this information is directly applicable for scaling up and optimization of algal oil production in bioreactors and industrial setups.
Conclusions
Microalgae metabolism is a complex process and varies in terms of light utilization. In order to harvest higher biomass and lipids as well as shorten the fermentation time, a photoheterotrophic fermentation was used in this study. Mathematical model was developed to understand the glycerin concentration-dependent Chlorella minutissima UTEX2341 biomass and lipids production. The presented model gave a satisfactory representation of the fermentation process and thus has a potential in optimizing UTEX2341 growth and lipid production kinetics in bioreactors. Sensitivity analysis helped us identify the important parameters in algal fermentation process which can be used to design an efficient experiment with higher growth and yield lower cost. The sensitivity analysis results showed that S 0, the initial glycerin concentration, was the most significant factor for algae growth and lipid production. Model calibration results could successfully reproduce the experimental data at three different C/N ratio treatments with correlations coefficients of 0.983, 0.983 and 0.999 respectively. Furthermore, it was found for the first time that lipid production was growth-associated. This information will be useful in the process scaling up and commercial biofuel production.
